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1. Introduction 

The steady flow of a viscous liquid of constant depth down an inclined 
plane is a well-known simple example of a free surface flow (it is given, 
fo r  example  by B e r k e r  [1] ,  p. 16). The  s i m p l i c i t y  of the solut ion sugges t s  
that  is  a usefu l  s t a r t i ng  point  fo r  an inves t iga t ion  of s t eady  v i scous  waves  
caused  by the in t roduc t ion  of r ig id  bumps  and o b s t a c l e s  into the bed of 
t h e s t r e a m .  It is  a s s u m e d  that  the r a t i o  of the m a x i m u m  d i s t u r b a n c e  height  
to the me a n  depth of l iquid is  sma l l ,  and that ,  as  a consequence  of th is ,  
the l i n e a r i z a t i o n  of the N a v i e r - S t o k e s  equat ions  and the boundary  condi t ions  
is  ju s t i f i ab le .  

The na tu r e  of the b o u n d a r y - v a l u e  p r o b l e m  sugges t s  that  the c h a r a c t e r -  
i s t i c s  of the f r e e  s u r f a c e  wil l  depend on t h r e e  p a r a m e t e r s  - the angle of 
inc l ina t ion  ~ of the p lane ,  the Reynolds  n u m b e r  R and the r a t i o  of the l iq-  
uid depth to a r e p r e s e n t a t i v e  d i s t u r b a n c e  length.  F o r  example  the f r e e  
surface of a deep layer of liquid is unlikely to be significantly affected 
by small variations in the lower boundary. A large Reynolds number could 
lead to wave breaking, instability and turbulence in a thin film of liquid. 
The precise interaction between these parameters is not easy to evaluate. 

The simplest problem is that of slow motion in which Reynolds number 
is small and the inertia terms are negligible compared with the viscous 
ones. This class of flows is solved fully for linearized boundary conditions, 
the free surface and all flow variables being expressed as Fourier integrals 
containing an arbitrary perturbation term. This is achieved by standard 
Fourier transform techniques. The flow over a wavy boundary of long wave- 
length is looked at in some detail. For a smooth hump in the inclined plane, 
asymptotic expansions for the free surface can be found for shallow flow. 
This is essentially a long wave theory, and it does suggest a novel asymp- 
totic method based on an iteration procedure in which small inertia effects 
can be incorporated. 

The stability of surface waves on an inclined viscous flow has been dis- 
cussed previously by Benjamin [2] (a list of more recent papers on this 
topic is given by Wehausen [3], p. 575). In Benjamin' s work the stability 
of the free surface is investigated when a sinusoidal perturbation in space 
and time is imposed on it and allowed to develop. Since instabilities are 
largely a consequence of inertia effects they are unlikely to appear in the 
slow motion of a liquid. However the later work indicates how the crest 
of a single wave grows in height as the Reynolds number is increased. 
An experimental study of waves on water films has been conducted by Binnie 
[4], [5]. Experimental confirmation of the results presented here should 
not be difficult for low Reynolds number. For liquids of low viscosity such 
as water surface instabilities could prove difficult to eliminate since they 
can arise at any Reynolds number if they have the appropriate wavelength. 

The analysis of boundary-value problems in free surface viscous flow is 
difficult even with the equations and boundary conditions linearized. This 
class of steady flows provides probably the simplest type which are capable 
of detailed analytic treatment. 
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2. The basic flow 

The  l a m i n a r  flow of  a v i s c o u s  l iquid down an i n c l i n e d  p lane  s u p p l i e s  a 
r e a d y - m a d e  r e c t i l i n e a r  m o t i o n  which  is  m a i n t a i n e d  by a b a l a n c e  b e t w e e n  
g r a v i t y  and the v i s c o u s  d r a g  on the bed of  the s t r e a m .  T a k e  a c o o r d i n a t e  
s y s t e m  as  d i s p l a y e d  in f i g u r e  1. The  flow is  e n t i r e l y  t w o - d i m e n s i o n a l  with 

Figure 1. The coordinate scheme. 

a parabolic velocity distribution given by 

u (~ = gy ( 2 h -  y ) s i n  [3/2u (2 .1)  

where u is the kinematic viscosity of the incompressible liquid. 
Benjamin [2] remarks that the character of any disturbance to the flow 

depends largely on the Reynolds number defined by R = P/u, where P is 
the rate of volume flow 2per unit span of the stream. Clearly P = ~hu (~ (h) 
and R = h3g s in  ~ / 3 u  . We a r e  i n t e r e s t e d  in the c a s e  of  s m a l l  R .  

3. The linearized equations and boundary conditions 

The  t w o - d i m e n s i o n a l  N a v i e r - S t o k e s  e q u a t i o n s  can  be w r i t t e n  

puu x + pVUy = -Px + Pg s in /3 + pv (Uxx + Uyy), ( 3 . 1 )  

puv x + pVVy = -py - pg cos  ~ + py (vxx + Vyy), (3 .2)  

w h e r e  p i s  the  p r e s s u r e  and the two c o m p o n e n t s  of  the g r a v i t a t i o n a l  f o r c e  
h a v e  been  inc luded .  In add i t ion  the v e l o c i t y  c o m p o n e n t s  u and v a r e  r e l a t e d  
t h r o u g h  the con t inu i ty  cond i t i on  

u x +  Vy = o. ( 3 . 3 )  

Let  the l o w e r  b o u n d a r y  of the flow be c h a n g e d  to y = ~l(x) w h e r e  ~ (x)  
i s  s m a l l .  We s h a l l  s ay  m o r e  abou t  c o m p a r i s o n s  of t y p i c a l  l eng ths  l a t e r .  
Suppose  tha t  the c o n s e q u e n t  f r e e  s u r f a c e  p e r t u r b a t i o n  b e c o m e s  y = h + ~2(x) 
with the t a c i t  a s s u m p t i o n  tha t  ~ ( x )  i s  a l s o  s m a l l .  The  n o - s l i p  cond i t ion  gxves  

u = v = 0 (3 .4)  
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on y = rh(x ). The kinematic surface condition becomes 

urI' 2 -  v = 0 (3 .5 )  

on y = ~2(x). The  s t r e s s  m u s t  a l s o  be c o n t i n u o u s  a c r o s s  the  s u r f a c e  with 
the  r e s u l t  t ha t  

( -p  + 2pVUx)~' 2 -  pV(Uy + Vx) = 0, (3 .6 )  

pU(Uy + Vx)~' 2 - ( - p  + 2pVVy) = 0, (3 .7)  

h e r e  i s  ha s  been  a s s u m e d  fo r  c o n v e n i e n c e  tha t  lhe e x t e r n a l  p r e s s u r e  i s  
z e r o .  T h i s  m e a n s  tha t  the  u n p e r t u r b e d  p r e s s u r e  d i s t r i b u t i o n  in the  l iqu id  
ha s  b e e n  t a k e n  a s  

p(0) (y) = pg(h - y ) c o s  /~; (3 .8 )  

t h i s  wil l  be the a c t u a l  p r e s s u r e  a p a r t  f r o m  an a d d i t i v e  c o n s t a n t .  S u r f a c e  
t e n s i o n  i s  a b s e n t .  T h e r e  a r e  f ive  b o u n d a r y  c o n d i t i o n s  to be s a t i s f i e d  which  
a l s o  c o n t a i n  and d e t e r m i n e  the unknown fu n c t i o n  rI2(x ). 

We now adop t  a s t a n d a r d  p e r t u r b a t i o n  p r o c e d u r e  and w r i t e  

u = u (~ + u (I), v = v (I), p = p(O) + p(1) (3.9) 

T h e  s u b s t i t u t i o n  of  t h e s e  e x p r e s s i o n s  in to  the N~ : i e r - S t o k e s  e q u a t i o n s  (3 .1)  
and (3 .2)  and the  r e j e c t i o n  of  t e r m s  of  h i g h e r  d e g r e e  than  the f i r s t  in the 
s u p e r s c r i p t  (1) l e a d s  to 

~,yy j,  (3 .1  O) y 

D .u(~ = - ~i~ + . ~ ( ~  + %).  (3.11) 

The equation of continuity remains as 

u(:~ + v~1~- - 0. (3.12) 

The boundary conditions (3.4) - (3.7) are now completely iinearize~ in 
terms of u (I), v (D, p(1) ~?~ and rl 2 and its derivative. With Taylor expan- 
sions used where necessar~r, the:f become 

u(y ~ (o)n~(x) + uO) (x, o) - o, 

v(1)(x,o)  = 0o 

u (~ (h) r/~(x) - v(1)(x,h)  = 0, 

u(~ (h)%(x) + uCy~)(~,h) + v~r -- O, 
YY 

p~O)(h)~72(x) + p(1)(x,h) - 2pvv#l)(x,h) = O. 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

T h e  func t i on  ~2 can  be e l i m i n a t e d  b e t w e e n  (3 .15 ) ,  (3 .16)  and (3 .17)  to  l e a v e  
the  two f r e e - s u r f a c e  c o n d i t i o n s :  

{u~D(x ,h)  + v(D," h) t = 0, (3 .18)  u(O)(h)v(1)(x'h) + y y  u(O)(h) xx v ~, 

+ } - 0 

When the b o u n d a r y - v a l u e  p r o b l e m  has  b een  so lv ed ,  r/2 can  be found f r o m  
(3 .15) .  
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4. Stokes flow 

The creeping flow of a liquid down the plane is the simplest case. For 
small Reynolds number R' we can discard the inertia terms on the left- 
hand side of equations (3. i0) and (3. ii). The equation of continuity (3.12) 
implies the existence of a perturbation stream function ~(D defined by 
u( U = @(i) and v (I) = - @x (I). This stream function satisfies the familiar 
biharmoYnic equation 

v4C, O)= 0. (4. i) 

The boundary conditions (3.13), (3.14), (3.18) and (3.19) become 

lhy(1)(x, o) = -2hkNl(X), @(xl)(x, o) = 0; (4.2) 

201 l)(x,h) + h2,h (I) fY h) 2 (0 "- ~yyx,--, - t~ *x~xx (x, h) = 0, (4.3) 

2 (i) 2 cot  ~ @(1)(x,h) + 3h2r (x, h) + h @~yy(x,h) = 0, (4.4) 

w h e r e  k = g s in ~ / 2 u ,  In t h e s e  equa t i ons  u(0) and p(0), g i v e n  by (2.1) and 
(3 .8) ,  have  been  i n t r o d u c e d  and the p r e s s u r e  p ( D  g iven  by (3.10) ,  h a s  
been  s u b s t i t u t e d  into  (4 .4) .  Note t h a t  i f  Nl(x) i s  an even  func t ion  of x t hen  
@(1)(x,y) wi l l  only  be even if  cot  /3 = 0 s ince  the only  n o n - s y m m e t r i c  t e r m  
o c c u r s  in the u n d i s t u r b e d  t r a n s v e r s e  p r e s s u r e  g r a d i e n t  in (4 .4) .  The f r e e  
s u r f a c e  wi l l  only  be " in  p h a s e "  with the d i s t u r b i n g  e f fec t  fo r  a v e r t i c a l  
film of liquid. 

The solution of (4.1) is required in the strip -oo< x < co 0 _<_ y <= h and 
this invites the application of Fourier transform methods. Let the Fourier 
transform of @(Uix, y ) with respect to x be 

" " ~  " -i(XX 
(a, y) = i| y)e dx. 

The  t r a n s f o r m  of the b i h a r m o n i c  equa t ion  i s  

~(I) ~ 2=(i) 
yyyy - Zer gJYY + ~162 = O, (4. 5} 

and  the t r a n s f o r m e d  end cond i t i ons  a r e  

~$i)(~, o) -- - 2hk~1(~). ~(i)(~, o) = 0: (4.6) 

2--(D + ~2h2)~(1)(er, h) + h ~yy(a,h) = 0, (4.7) (2 

2- (i} 2 i~ cot ~ @(i)#,h) - 3a2h2~(1)W,h) + h @~y~a,h) : O, (4.8) 

where ~1(cr) is the Fourier transform of ~Tj(x). The solution of the system 
represented by (4.5) - (4.8) is a piece of tedious but routine analysis which 
gives 

~(1)(cr, y) = 2hl~l(V~ ) ~cot ~ [h sinh cry - y sinh ~h cosh cr(h-y) }- 
]/ (4.0) 

-iolh [(h-y)(l + a2h 2) sinh cry + ycrh cosh cr(h-y) cosh crh} Q(cr, h,~), 

where 

Q(z,~) = (sinh z cosh z - z)cot ~ + iz2(l + z 2 + cosh2z). (4. I0) 

Equation (4.9) gives the Fourier transform of the perturbation stream func- 
tion, (and hence the velocity components and pressure) can be expressed 
as a Fourier integral by the inversion theorem. 
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The transform of the free surface can be obtained by taking transforms 
of (3 .15) :  

~2(a ) = _ ~ ( 1 ) ( a , h ) / k h  2. 

The inversion theorem then gives 

ll2(x) = ~ .~ ~l(ol)e iax G (o~h, ~)do~ 

w h e r e  (4.9) h a s  been  s u b s t i t u t e d  and w h e r e  

(4.11)  

G (z,/3) = 2 iz 2 e o s h z / Q ( x ,  ~). (4.12) 

I n t e g r a l  (4 .11)  cannot  be e v a l u a t e d  exp l i c i t l y  in g e n e r a l .  H o w e v e r  s o m e  
s p e c i a l  s o l u t i o n s  can  be ob ta ined  by i n v e r s e  m e t h o d s .  F o r  e x a m p l e ,  in the 
c a s e  /3 = 1 ~r ,  the cho ice  of 

~l(a) = de "clal (1 + a2h 2 + cosh2ah)  

leads to 

~ 2 ( x )  = - -  �9 + " 

7r (c-h) 2 + (c+h) 2 + 

d F 3c d 2 1 c-2h 

~ l ( x )  - - -  L ch~ L~-~-j+ 2(~+c  2) dx ~ 4{(o-2h) ~ + x 2} 
+ 

4{(c+2h) 2 + x , 

provided c > 2h. The required transforms can be read off from the table of 
Fourier cosine transforms given by Erd~lyi [6]. 

5. The s ta t ionary  s ine  wave  

The simplest case in Stokes flow occurs with the bed in the shape of a 
cosine wave in which ;h(x) = d cos~0x. This particular boundary-value prob- 
lem can be solved quite easily ab initio, but since we have already derived 
the transform of the stream function in (4.9) we can read off the solution by 
expressing the Fourier transform of Hi(x ) in terms of generalised functions. 
If 6(x) is the Dirac delta function, then (see Jones [7], p. 469) 

~) : ~d {~(~ ~)+ ~(~+~)} 
with the result that 

~(D(x,y) = 2khd~ { [cot ~ {h sinhwy- y sinh~h cosh ~(h-y)}- 

- i ~  { ( h - y ) ( l + ~ h  2) s inh  wy + y~0h cosh  to(h-y) cosh  toh } e lw 

It fo l lows  f r o m  (4.11) tha t  

rig(x) = d ~ {O(wh,~)e iwx }. (5.2) 

Put G(wh,/3) = Aei~ so that (5.2) reads as 

where 

W2(x ) = Ad cos (~x +T) ( 5 . 3 )  
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t a n  ~ = ( s inh  e c o s h  e - e ) c o t  /~/c2(1 + e 2 + c o s h 2 c ) ,  (5 .5 )  

and  c = r wh ich  i s  p r o p o r t i o n a l  to  t h e  r a t i o  of  the  m e a n  d e p t h  of  l iqu id  
to  the  w a v e l e n g t h  2~r/to. 

A g r a p h  of  t he  s u r f a c e  a m p l i t u d e  r a t i o  A a g a i n s t  e i s  s h o w n  in f i g u r e  2 

A 1.0 =.-.. 

0.5 

p=o 
=10 

p=zo 

[ I I 
O0 1.0 2.0 3.0 

Figure 2. The amplitude ratio A of the surface wave plotted against the depth ratio r for three values of 

c o t  iS. 

f o r  t h r e e  v a l u e s  of  co t  /3. F o r  a n y  g i v e n  dep th  the  a m p l i t u d e  d e c r e a s e s  a s  
t he  a n g l e  of  i n c l i n a t i o n  /3 d e c r e a s e s ,  t he  m a x i m u m  a m p l i t u d e  o c c u r r i n g  f o r  
f low down a v e r t i c a l  w a l l  ( c o t  /3 = 0}. F o r  a l l  v a l u e s  of  6 ,  the  a m p l i t u d e  
d e c r e a s e s  a s  e i n c r e a s e s .  T h i s  i s  to  be  e x p e c t e d  s i n c e  the  s u r f a c e  b e c o m e s  
i n s e n s i t i v e  to  s m a l l  V a r i a t i o n s  in t he  s t r e a m  b e d  f o r  a l a r g e  d e p t h  of  l iqu id .  

T h e  two  w a v e s  a r e  ou t  of  p h a s e  e x c e p t  f o r  f low down a v e r t i c a l  p l a t e ,  
T h e  s u r f a c e  w a v e  p r e c e d e s  the  f o r c i n g  w a v e  by  a d i s t a n c e  T/~0 a l t h o u g h  
wi th  r e d u c e d  a m p l i t u d e .  A g r a p h  of t an  7 t an  ~ a g a i n s t  e i s  s h o w n  in f i g u r e  3. 
T h e  c u r v e  h a s  a m a x i m u m  a t  e = 1 . 2 5  a p p r o x i m a t e l y ,  wh ich  i n d i c a t e s  t h a t  
the  g r e a t e s t  d i f f e r e n c e  f o r  a n y  i n c l i n a t i o n  ~ o c c u r s  f o r  t h i s  d e p t h - r a t i o  of  
l i qu id .  I t s  va lue  i s  g i v e n  by  t an  7 = 0 . 1 9  co t  fi f r o m  wh ich  we s e e  tha~t 
T v a r i e s  b e t w e e n  0 f o r  /3 = �89 and  �89 f o r  /3 = 0. I f  the  l iqu id  a d h e r e s  to  
the  u n d e r s i d e  of  and  i n c l i n e d  p l a t e ,  /~ l i e s  in the  r a n g e  ~ g  < /3 < ~r and  
the  s u r f a c e  w a v e  follows the f o r c i n g  w a v e  by  a d i s t a n c e  T/c0.  

We  would  e x p e c t  t h i s  p h a s e  d i f f e r e n c e  b e t w e e n  the  s u r f a c e  w a v e  a n d  the  
b e d  of the  s t r e a m  to  l e a d  to  s e p a r a t i o n  of t h e  m a i n  s t r e a m  f r o m  the  b o u n d -  
a r y  in the  t r o u g h s  of the  w a v e .  T h i s  s t r e t c h e s  the  l i n e a r  t h e o r y  a l i t t l e  
but  s i n c e  the  r e s u l t s  s e e m  p l a u s i b l e ,  the  m a t t e r  i s  w o r t h  p u r s u i n g .  T h e  
c o n d i t i o n  f o r  s e p a r a t i o n  i s  g i v e n  a p p r o x i m a t e l y  by  n.  g r a d  u = 0, w h e r e  
n i s  the  n o r m a l  to  the  b o u n d a r y  and  a c c o u n t  h a s  b e e n  t a k e n  of  the  s m a l l  
s l o p e  of the  b o u n d a r y .  T h i s  r e p r e s e n t s  the  po in t  a t  which  the  s t r e a m - l i n e  
s e p a r a t e s  and  the  n o r m a l  v e l o c i t y  g r a d i e n t  r e v e r s e s .  A p p r o p r i a t e l y  l i n e a r -  
i z e d  t h i s  c o n d i t i o n  b e c o m e s  
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Figure 3. The variation of phase difference k with depth. 

T h e  c o n c l u s i o n s  c a n  on ly  r e m a i n  t e n t a t i v e  s i n c e  (5 .6 )  c o n t a i n s  a m i x t u r e  
of  t e r m s  of  d i f f e r e n t  o r d e r s .  

T h e  i n t r o d u c t i o n  of  the  s t r e a m  f u n c t i o n  r  f r o m  (5 .1)  in to  (5 .6 )  
l e a d s  to  

d C2cot 2 ~ + D 2 
- -  = ( 5 . 7 )  

h (BC - AD) co t  fl s i n  cox - (AC cot  2 ~ + BD) coswx.  

w h e r e  the  c o n s t a n t s  A, B,  C, D a r e  g i v e n  by  

A = r c o s h  2r �89 s inh  2 �9  B = r s inh  2�9 - c o s h  2 �9  

C = �89 s inh  2e - e ,  D = �9 + e 2 + c o s h  2 � 9  

T h e  c r i t i c a l  d e p t h - r a t i o  (d /h)cr i  t a t  wh ich  s e p a r a t i o n  s t a r t s  to  o c c u r  f o r  
f ixed  �9 and  co t  ~ wi l l  be g i v e n  by  the  e n v e l o p e  of  (5 .7 )  wi th  x t r e a t e d  a s  
the  p a r a m e t e r .  T h i s  e n v e l o p e  c a n  be  d e r i v e d  in the  u s u a l  way  b y  e l i m i n a t i n g  
x b e t w e e n  (5 .7 )  and  the  e q u a t i o n  o b t a i n e d  b y  e q u a t i n g  to  z e r o  the  p a r t i a l  
d e r i v a t i v e  of (5 .7 )  wi th  r e s p e c t  to x:  

t an  cox = (AD - BC) co t  fl/(AC co t  S fl + BD).  (5 .8 )  

T h e  c r i t i c a l  d e p t h - r a t i o  which  r e s u l t s  f r o m  the e l i m i n a t i o n  of  x b e t w e e n  
(5 .7 )  and  (5 .8 )  i s  p r e s e n t e d  in f i g u r e  4 f o r  s e l e c t e d  v a l u e s  of  co t  ~. R e -  
m e m b e r i n g  t h a t  the  v a l i d i t y  of  the  a p p r o x i m a t i o n  d e p e n d s  on d / h  b e i n g  
s m a l l ,  we o b s e r v e  t ha t  s e p a r a t i o n  wi l l  o c c u r  f o r  g i v e n  v a l u e s  of  �9 and  
co t  ~ if  d / h  e x c e e d s  t h e  c r i t i c a l  v a l u e  i n d i c a t e d  by the  a p p r o p r i a t e  c u r v e .  
F o r  d e e p  f low o v e r  a w a v e  of  s h o r t  w a v e l e n g t h  the  a n g l e  of  i n c l i n a t i o n  
b e c o m e s  i r r e l e v a n t .  T h i s  f o l l o w s  s i n c e  

crit ~" 2---~ a s  � 9  

i n d e p e n d e n t l y  of  co t  ft. T h e  f i g u r e  i n d i c a t e s  t h a t  t h i s  h o l d s  wi th  r e a s o n a b l e  
a c c u r a c y  f o r  �9 > 3. 
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(d)crit 1.0-- 

0.8 

0.6 

p= o 

cot ~=5 f13=o 

OA 
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I . . . . . . . . . . . . . . . .  I I I E  
0 0 1.0 2.0 3.0 

Figure 4. The critical curves for seperation for several values of cot 15. 

6. Asymptotic estimates 

We note  f i r s t l y  that  d i scon t inuous  b o u n d a r i e s  can be t r e a t e d .  F o r  example ,  
the f ini te  s tep r e p r e s e n t e d  by 

hi(x)  = d, (x l  < a ;  hi(x)  = 0. fx(  > a 

has  the  F o u r i e r  t r a n s f o r m  ~i(~) = 2d sin ~ a / ~ .  The  c o r r e s p o n d i n g  f r e e  
s u r f a c e  for  l a m i n a r  flow ove r  th is  s tep is ,  f r o m  equat ion (4.11),  

o o  

d ; s in ~ra eiaX G (oh,~)da.  
~2Cx) = y 

- o o  

A few t e s t  calculet t ions have shown that  the flow d i sp lays  the s a m e  g e n e r a l  
c h a r a c t e r i s t i c s  as  flow ove r  a wavy boundary .  The  behav iour  of G for  
l a r g e  Ial a l so  e n s u r e s  tha t  the f r e e  s u r f a c e  is  a smooth  funct ion of x. 

The  flow ove r  a s ingle  smooth  hump is  now c o n s i d e r e d  s ince  it  sugges t s  
g e n e r a l i s a t i o n s  which include s m a l l  i n e r t i a  e f fec t s .  In o r d e r  to fix i deas  
we sha l l  c o n c e n t r a t e  on the p a r t i c u l a r  p e r t u r b a t i o n  given by 

nlCx) = d a ~ / ( x  2 + a2), 

with the unde r s t and ing  that  the me thods  can be used equal ly  s u c c e s s f u l l y  
for  o the r  shapes .  The  p e r t u r b a t i o n  is  s y m m e t r i c  about  x = 0 with i t s  
m a x i m u m  height  of d t h e r e .  Its F o u r i e r  t r a n s f o r m  is  

~l(O~) = ad~e "alal, 

and it  fol lows again  f r o m  (4.11) that  

~2(x) = �89 ad ; e "alal § G (ah, ~)da, 
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w h e r e  ~. - a / h .  Our  a i m  i s  the  c o n s t r u c t i o n  of an  a s y m p t o t i c  e x p a n s i o n  
of t h e s e  i n t e g r a l s  f o r  l a r g e  k ,  which  c o r r e s p o n d s  to  a s h a l l o w - l i q u i d  a p -  
p r o x i m a t i o n .  S ince  G (z,/3) i s  a r e g u l a r  f u n c t i o n  of  z in s o m e  n e i g h b o u r h o o d  
of  the  o r i g i n  in  the  z - p l a n e ,  we c a n  w r i t e  

G(z , /3 )  = ~ gn(B)z n f o r  Lz] < 5(fl) (6 .2)  
n~=0 

for some 6(/3) > 0. A simple estimate also shows that ] G (z,~)l decreases 
exponentially as ~ (z)--*/:oo. These conditions are sufficient for the appli- 
cation of Watson's lemma (Copson [8], p. 49) to both integrals in (6. I) 
as I(a-ix)X/al-~in the first integral and as I (a+ix)I/a l-->~in the second. 
Reading off the expansion, we find that 

[ {,, + 
n=0 . .  n~0 ' 

~ (-i)ngn (/3) C )(x) ( a/x)n' (6. 

a s  l ~ o o f o r  a n y  p o s i t i v e  a and any  f ixed  x,  In the  l a s t  e x p a n s i o n  we h av e  
d e l i b e r a t e l y  w r i t t e n  the t e r m s  in d e r i v a t i v e s  of  ~l(X) s i n ce  i t  s u g g e s t s  a 
g e n e r a l  m e t h o d  of  so lv ing  the  p r o b l e m  a s y m p t o t i c a l l y .  We s h a l l  d e v e l o p  
this is the  final section. 

The first six coefficients in the power series expansion for G (z,/3) given 
by (6 .2)  a r e :  

g0(/3) = 1, gl(/3) = l i  co t  fl, 

g2(/3) = -(9 + 2 c o t 2 ~ ) / 1 8 ,  g3(~) = - i  cot  /3(117 + 10 c o t 2 ~ ) / 2 7 0 ,  

g4(~) = 3 13 co t  2 /3 _ 1 co t  4 /3, 
8 30 

g s ( ~  = i c o t / 3  \ 25~0 + 2-~ c~ ~ - cot4 ~-g ~]  

A c o m p a r i s o n  of the  t e r m s  in the e x p a n s i o n  i n d i c a t e s  tha t  h co t  /3 shou ld  
not  e x c e e d  un i ty  f o r  r e a s o n a b l e  n u m e r i c a l  r e s u l t s  not  r e q u i r i n g  m o r e  than  
the  s ix  c o e f f i c i e n t s  g i v e n  a b o v e .  T h e  r e a s o n ,  in p a r t ,  f o r  t h i s  r e s t r i c t i o n  
l i e s  in the b e h a v i o u r  of  A(/3) in (6. 2). As  cot  /3~o0 we f ind tha t  A(~)-- ,0 .  
t h i s  be ing  c a u s e d  by a po l e  of  G ( z ,  fi) which  i s  s i t u a t e d  on the  i m a g i n a r y  
a x i s  in the  z - p l a n e .  T h e  s u r f a c e  wave  in a p a r t i c u l a r  c a s e  i s  shown in 
f i g u r e  5 of  the  n e x t  s e c t i o n .  T h e  s p e c i a l  e x a m p l e  o u t l i n ed  h e r e  h a s  i t s  
c o u n t e r p a r t s  f o r  h u m p s  of  o t h e r  s h a p e s  and  v a r i o u s  a s y m p t o t i c  m e t h o d s  
( such  a s  the  m e t h o d  of s t e e p e s t  d e s c e n t )  can  be  u s e d  in the  s h a l l o w - l i q u i d  
a p p r o x i m a t i o n .  T h e  a s y m p t o t i c  e x p a n s i o n  of  the  f r e e  s u r f a c e  i s  g i v e n  by 
(6 .3)  p r o v i d e d  the  F o u r i e r  t r a n s f o r m  i s  an  e x p o n e n t i a l l y  d e c r e a s i n g  func t ion  
a s  In[  i n c r e a s e s .  

7. An asymptotic solution containing small inertia affects 

Tl~e e l i m i n a t i o n  of  the  p r e s s u r e  p(D b e t w e e n  (3 .10)  and (3 .11)  wi th  the 
i n e r t i a  t e r m s  r e t a i n e d  l e a d s  to 

ufu(1), xxy + u(1)yyy - ~z(1)xxx - v-(1)yxx) + u(0) v(1)xx - u(0)u(~ ) - u('~ v(1)yy = 0. 

In terms of the stream function r this equation becomes 

~y(D + 2~(D + ,h(I) 3R ,I,(D- 
yyy r xxyy "xxxx - ~ h  3 y ( 2 h - y )  vxxx 

3Ry(2h_y)@(l ) _ 3R ~l) = 0, (7.1) 
2h,~ xyy h 3 



282 P.Smith 

w h e r e  u (~ ha s  b e e n  i n t r o d u c e d  f r o m  (2 .1)  and R i s  the  R e y n o l d s  n u m b e r  
de f ined  in Sec t ion  2. Of the  b o u n d a r y  cond i t i ons ,  (4 .2)  and (4 .3)  a r e  un-  
changed ,  but  (4 .4)  i s  m o d i f i e d  by  the a d d i t i o n a l  i n e r t i a  e f f e c t s  in the  p r e s -  
s u r e  g r a d i e n t .  Subs t i tu t ing  for  the p r e s s u r e  g r a d i e n t  p(x D f r o m  (3.1)  in to  
(3 .19) ,  we d e d u c e  tha t  (4 .4)  m u s t  be  r e p l a c e d  by 

2 (1) 4 co t  ~] r  + 6h ~xxy(x,h) + 2h2##~(x,h)  - 3 R h ~ )  (x, h) = 0. (7 .2)  

We now a t t e m p t  an a s y m p t o t i c  so lu t ion  

~(1) (x, y) -~ ~0 ta(Y)~?(n)(x), (7 .3)  

w h e r e  tn(y ) i s  found by i t e r a t i o n ,  the  s u c c e s s i v e  s t e p s  in the  i t e r a t i o n  be ing  
d e t e r m i n e d  by  equa t ing  l ike  d e r i v a t i v e s  of  7h(x ) in equa t ion  (7 .1)  and in 
the  b o u n d a r y  c o n d i t i o n s  (4 .2) ,  (4 .3)  and (7 .2) .  J u s t i f i c a t i o n  fo r  th i s  m e t h o d  
s t e m s  f r o m  the  a s y m p t o t i c  b e h a v i o u r  of the  F o u r i e r  i n t e g r a l  f o r  s low 
sha l low flow o v e r  a hump .  

R o u t i n e  m e t h o d s  g ive  the  f i r s t  t h r e e  e q u a t i o n s  

t~, , ,  -- 0, 

t , , , ,  _ 3R y(2h-y) t~ '  3R to = 0, 
1 2h 3 h 

t 2'''' + 2t"o 3R253 y(2h-y) t~ '  - 533"R t I = 0, 

s u b j e c t  to the  t h r e e  s e t s  of  end c o n d i t i o n s  

t0(o ) = 0, t ~ ( o ) =  -2hk0 2t0(h ) + h2 t~ ' (h )=  0, t ~ " ( h ) =  0; 

t l (o  ) = t~(o) = 0, 2tl(h ) + h2 t~ ' (h )=  0, 

4 c o t  ~ t0(h ) - 3Rht~(h) + 2h2t~"(h) = 0; 

t2(o ) = t~(o) = 0, 2t2(h) + h2t'2'(h) - h2t0(h) = o ,  

4 cot  ~ t l (h  ) + 6h2t~(h) + 2h2t~"(h) - 3Rht~'(h) = 0. 

Al l  s o l u t i o n s  a r e  p o l y n o m i a l s  in y and,  in p r i n c i p l e ,  any  n u m b e r  of  t e r m s  
can  be  ob ta ined .  F o r  the  s y s t e m  d i s p l a y e d  a b o v e  

t0(Y ) = ky (y -2h ) ,  t l (y  ) = lky2(y -2h )  cot  ~, 

1 3 1 4 t2(Y ) = - ~kh2y2(9 + 2 cot  28 )  + ykhy  (6 + cot  2 8 )  - gky  

+ Rky2cot  ~ (9h 5 _ 14h2y3 + 7hy4 _ y5). 
420h s 

Note  that  the  R e y n o l d s  n u m b e r  d o e s  not  a p p e a r  in the  f i r s t  two  t e r m s  of 
the  e x p a n s i o n .  Th e  f r e e  s u r f a c e  i s  now g i v e n  by  the i n t e g r a l  of  (3 .15) :  

1 R .~Nl(X) + ! h  cot  ~ N~(x) + 52(�89 + ~ cot  2 ~ - ~-~ cot  ~)N~'(x). 
3 

S o m e  c o n f i d e n c e  in the m e t h o d  i s  ga ined  by o b s e r v i n g  that  e x p a n s i o n  (6 .3)  
r e a p p e a r s  if R i s  put  equa l  to z e r o  in the  e x p a n s i o n  above .  
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We now c o n s i d e r  the  p a r t i c u l a r  c a s e  r/l(X ) = d a 2 / ( x  2 + a 2) aga in .  
d i m e n s i o n a l i z e  x by i n t r o d u c i n g  X = x / a ,  w h e n c e  

O2(x) t 2Xe co t  fl R (3X ~ - 1)e 2 
+ (1 + ~ co t  2~ - - -  cot  /3)- , 

d 1 + X 2 3(1 + X2) 9' 21 9(1 + X~) 3 
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Non- 

w h e r e  c = h / a .  
F i g u r e  5 s h o w s  the f r e e  s u r f a c e  s h a p e  o f  ~72(x)/d p lo t t ed  a g a i n s t  X with 

1.5 --,-..- ~ - - - - 1 ~ = 6 0  ~ R=t.O 

I,  ., I . ,  Ix 
o . . . . . .  

1.0J 

. . . . .  X 

-2.0 -1.0 0 1.0 2.0 

Figure 5. The shape oz the surface wave for several values of the Reynolds number R. The perturbation wave 
is given below. The vertical scale is exaggerated. 

the  p e r t u r b a t i o n  r / l ( x ) / d  d i s p l a y e d  in the l o w e r  c u r v e .  T h e  v e r t i c a l  s c a l e  
i s  of  c o u r s e  e x a g g e r a t e d  s i n c e  X i s  d i m e n s i o n l e s s .  The  p a r a m e t r i c  v a l u e s  
c = 0 .25  and cot /3  = 4 w e r e  c h o s e n  to m a k e  the  n u m e r i c a l  w o r k  t o l e r a b l e  
and at the s a m e  t i m e  to a c h i e v e  a l a r g e  p h a s e  d i f f e r e n c e  be tween  the p e r -  
t u r b a t i o n  and  the  f r e e  s u r f a c e  fo r  R = 0. The  s u r f a c e  i s  shown fo r  R = 0, 
20, 40, 60. The  f i g u r e  i n d i c a t e s  tha t  the  wave  b e c o m e s  s h a r p e r  a s  R in -  
c r e a s e s ,  and fo r  R g r e a t e r  than  abou t  8 i t s  a m p l i t u d e  e x c e e d s  tha t  of  the  
d i s t u r b a n c e .  T h e  i h e r t i a  e f f e c t s  a l s o  c a r r y  c r e s t  of the wave  in to  p h a s e  
with the d i s t u r b a n c e .  

T h e  k i n e m a t i c  v i s c o s i t y  of  g l y c e r i n e  a t  20 ~ C. i s  6 . 7 9 8  c m 2 /  s e c .  ( [ 9 ] ,  
p. 7}. We can  e a s i l y  c o m p u t e  the  dep th  of  l iquid which  c o r r e s p o n d s  to the 
R e y n o l d s  n u m b e r  R - 40 fo r  cot  fi = 4. F r o m  the de f in i t i on  of  R, h = 
(3Rv2 /9  s in  [3) 1/3= 2 .86  c m  f o r  g l y c e r i n e  in the c a s e  c i t ed .  T h i s  a d d s  a 
q u a n t i t a t i v e  view of  f i g u r e  5. 
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